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I.—ON FRINGES OF INTERFERENCE PRODUCED BY 
OBLIQUE REFLEXION AT THE SURFACE OF A 
SMALL MIRROR. 


By Anprew Bett, Edinburgh. 


Tue object of this paper is to determine the circumstances con- 
nected with the production of fringes of interference by oblique 
reflexion at a plane surface, whose projection on a plane perpendi- 
cular to the direction of the light, is narrow. 

These fringes are produced by light diverging from a minute 
origin, as a luminous point or line, and are the same as those pro- 
duced by transmission through an oblique rectangular aperture of 
the same breadth and inclination to the incident light as the mirror. 

The fringes are similar to those produced by narrow perpendi- 
cular apertures, with this peculiarity, that the fringes which are 
nearer to the plane of the inclined aperture or mirror are broader 
than those which are more distant; the intervals forming an in- 
creasing series from one side to the other; the difference in the 
magnitude of the intervals being very apparent when the inclina- 
tion or breadth of the mirror, or both, are very small.* 

The reflected light is considered to consist of secondary waves 
emitted from every point of the mirror; and although the waves 
emitted from the surface at any instant are not then in the same 
phase, yet the portions of the front of the same primary wave that 
generate in succession a system of secondary waves, were in the 





* Fresnel, in his memoir in the Memoirs of the Institute for 1821, alludes in 
general terms to the cases of cblique reflexion and transmission through oblique 
apertures; but he dves not investigate the case, and he takes no notice of the 
varying magnitude of the intervals. 


Til 





242 On Fringes of Interference. 


same phase when the front of the wave was in some previous 
position, or when it was emitted from the origin of light; and the 
paths can be reckoned from that position, or the origin. 

If the fringes formed by a single straight edge are called a single 
system, and those formed by a narrow aperture, a double system ; 
then the reflected partial waves are under all the necessary con- 
ditions for forming a double system of fringes, if the screen is at a 
sufficient distance from the mirror to allow the partial waves from 
the whole surface to interfere; and if at the same time the differ- 
ence of their paths is nct too great, reckoning them as formerly 
stated. 

The disturbing effect at any point on a screen produced by the 
partial waves reflected from an element of the surface, can be esti- 


or 
mated in the following manner:—The function sin y (vt — s), 


which, with a proper coefficient, expresses the state of the particles 
of ether at any instant along the course of a primary incident wave 
to some point on the mirror, will also, with its coefficient properly 
modified, express at the same instant the state of the particles 
along the course of a secondary wave, generated by the former at 
that point of the surface. If a is reckoned from the origin, the 
intensity of vibration at the point on the mirror is inversely as 2; 
and if y is the distance of the point on the screen from that on the 
mirror, the intensity of vibration at the former point is inversely as 
y, when that at the latter point is constant : therefore the intensity 
of vibration at the point on the screen will be inversely as ay, 
which is nearly constant. 

Hence, if Aw denote the breadth of an element of the mirror, 
and if s = « + y; also, if D be the disturbance at the point on the 
screen, then 


or : 
D=CS8sin = (vt —s) Aw. 


To determine the intervals on a screen, the section of which by 
the plane of incidence is a circle, its centre being in the middle of 
the mirror, 

Let RM (fig. 1) be the mirror, O the luminous origin, FQF’ the 
section of the screen, m the middle of the mirror, mQ the direction 
in which a wave is reflected which is incident in the direction Om; 
also, let Ow, wl, be the path of any other wave, and let 


RM = 28, wk = u, 
mw = w, mF = wu’, 
Ow = 1, angle OmC = #, 
Om = 7; and FmQ = @. 


In the triangles Omw, Fmuw, 
rr? 4 w+ Qr'w cos p; 
€ U ‘ 
w—u?+w?—2uw cos (3—89). 
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sin? 3 
Hence r=r' +w cos B+ > 


Ya ae 


sin? ({}— 0) 


and uw —w cos (B—0)+ aor” mn wet... 
2u 


But when a double system of fringes is produced, the greatest 
value of w sin must not exceed io of an inch if the screen is not 


more than a few feet distant, suppose not less than 50 inches ;* 
hence, since @ is always small, the third terms in the values of r 
and w will at most be only a few multiples of }, and may therefore 
be omitted. Hence 
rtu=r -u' + Scos B—cos (3—0)3 w. 
By the usual method, the intensity of light at any point on the 

screen is found to be 

None ee i ; 

C® sin® = Scos (3 — cos (/3 — 0)3 b 


. 





$cos 3 — cos (3 — 0)3* 


therefore the points on the screen at which the dark bands appear 
are determined by the equation 


Qr 
= Scos /2—cos ((3—0)} b=nz, 
mr 
whence cos (3—0)=cos B— ob” 
20 


When x=0, cos (3—0)=cos 3; hence 0=0. From this result 
it would appear that there is a dark hand at Q, whereas it is known 
by observation that the middle point is bright. The ratio of the 
intensity at this part, and at the bright bands, is determined 
afterwards, 

When 2 is negative, cos (3-0) > cos 3; hence @ is in this case 
positive, and the fringes lie on the side of Q, that is, next to the 
plane of the mirror towards F, 

When 2 is positive, cos (3 — 0) < cos 3; hence 6 is then negative, 
and the fringes lie on the other side of Q towards I". 

By substituting successively for 2 the values .. 3, 2, 1, 0, —1, 
—2, —3,... the cosine of (3-6) has a series of increasing values 
in equidifferent progression, the common difference being |. But 


2b 


if d.cos (8—0)= bad , it is constant, and hence dd x Sn 
2b sin (3 — 0) 

* Fresnel observed the double system of fringes formed by perpendicular 

apertures of 1 and even of 14 centimetres in breadth ; but the lens by which he 

observed them was held at a great distance from the aperture, and at such dis- 

tances the interference is very imperfect. 
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and since in the above series cos (3—60) is increasing, (@—6) is 
diminishing, and hence also sin (3 ~ 0); therefore the values of dd, 
or the intervals on the screen, form an increasing series. This re- 
sult is confirmed by observation. 


When the screen is perpendicular to the plane of the mirror, it 
is evident that the intervals on it are nearly proportional to 


d.cos (/j—@) 
sin (B—@) cos? (B—6)’ 
that is, the intervals are inversely as 
sin (8—6@) . cos? (B—8@), 
Let p and g be given values of the sine and cosine of (8—8), 


d,tan (8 -6)=— 





; . Q r 
and let g receive the small increment nk, (i being = 35); then, 


neglecting terms containing h*, g* becomes g* + 2ngk, and 


p= V7 (1—q?)— ~. =_ 
Vv (1—9?) 
nq 


if m= —. Hence for small values of m, as 1, 2, 3, or 4, the 
p 


p—mk, 


increment of pq’ is, unless in extreme cases, nearly constant ; and 
hence the successive values of 
sin (2—0) + COs” (3 _ 0) 

for successive values of », are nearly in equidifferent progression ; 
and their reciprocals, for a few terms, are therefore also nearly in 
equidifferent progression, And therefore the intervals on the per- 
pendicular screen form a similar progression. 

The quantity sin (3—6).cos* (—6@) increases with (3—6@) till 
it attains its maximum, when sin® (/3 — 6) = 4, and it then di- 
minishes; hence the intervals on the plane screen for greater 
values of (8—6@) vary in a contrary order, the greater intervals 
being then farther distant from the plane of the mirror. 


Sa a SE 


The positions of the bright bands are found from the equation 
2a Al ? 
= $cos (3 —cos (3 —0)} b=Lnz, 


n being an odd number: whence 

nr 

a 2 
1b 


and the successive increments of cos (/3 — 6) are constant for the 


cos (3 — 0) = cos fp — 


: ‘ ‘ 
successive odd values of 2, and are = ob” as for the dark bands. 


The expression for the intensity of the illumination at the middle 


, ‘ . 0. 
point, for which 9=0, assumes the form 53 its proper value on the 
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principle of vanishing fractions will be found to be C*6*. Also 
the values of the same quantity for the bright bands in order, are 


(= =) (= 2 
a ’ r) - ’ &e. 
T ( 3 br ) 


for n=+1, +2, +3, 


Therefore the intensities at the middle point, and at the first, 
second, third, ...... bright bands are proportional to 


] 1 1 1 
4 ’ at ’ (37) ’ (Gr) 9 ceccee 


the intensities, therefore, diminish rapidly, and soon become in- 
sensible. 

In a note at p. 404 of his Memoir on Diffraction, Fresnel proves 
that the intensities at two different points produced by the se- 
condary waves, proceeding from the front of the same primary 
wave, are inversely as the distances of the points from the origin of 
light ; and therefore these intensities are at least proportional to 
those produced by the primary wave itself when it reaches these 
points. These results are obtained by supposing the front of the 
wave to be divided in a particular manner; and by a similar 
method it can be proved, that the intensities at a point produced 
by the partial wave from the fronts of two primary waves from 
the same origin are equal. 

Let Wr, W’r’, (fig. 2.) be the fronts of two waves proceeding 
from O, and P any point. Let Wm, W'm’, be two ares of circles, 
of which P is the centre, and Wn, W'n', two tangents. Also let 
Pr exceed PW as much as Pr’ exceeds PW’; let the distance of W 
from O and P be x and y, Wn=z, mr=s; and let 2’, y’, 2’, and s’ 
represent the similar lines for the wave W’7’; then as the ares Wr, 
W’r’, are very small, 


a2 P ' ; 2 
ance x+y)z 
mn = — nearly, mr = ~-, hence s = ( yz 
2y 2x 





Qay 
x Quy es Q2'y' 
therefore z? = ae -s, and hence 2? = —— y % 
a+y at+y 
for mr = mr’; butxr ty=at+y: 
therefore z* : 2° = ay: a'y’. 


But the intensities of vibration at W and W’ are inversely as x 
and 2’; and the intensities produced at P by partial waves from 
equal portions of the fronts of the two waves, are inversely as 
y and y/, were the intensities at W and W’ equal; also the two cir- 
cular portions of the fronts, of which z and 2’ are the radii, are, as 
shown above, as xy and a’y’; and the waves proceeding from these 
portions are in exactly similar states in regard to accordance or 
discordance, if the fronts are in the same phase; therefore the 
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intensities of vibration at P, caused by partial waves from these 
spaces, being denoted by v and wv’, it follows that 


2 a! 2 
> 2 


e389 = —; = 1:1; 
vy vy 


» 


that is, they are equal. 

Pairs of lines, like Pr, Pr’, may be drawn from P to the fronts 
of the waves, such that their differences from the corresponding 
normals PW, PW’, shall be equal; and the same proportions can 
be proved to exist in reference to them, And since very small 
portions of the fronts of the two waves are considered, and ay, a'y’, 
are constant, the corresponding zones into which the fronts would 
be divided would be proportional; and the waves emitted from the 
corresponding zones would be in analogous states; and hence the 
intensities produced by them at P would also be equal. Therefore, 
the intensities produced at P by partial waves from the fronts of 
the two primary waves are equal, 

In these calculations it is supposed, that the extent of the por- 
tion of the front of a wave from which partial waves of sensible in- 
tensity proceed, is very small, and that the intensities are uniform, 
which agrees with observation. But it also implies that the limit 
of this small surface is determined by a certain difference in the 
lengths of the paths of the extreme partial waves. It is known by 
observation, that such a difference alone is a limit to perfect. inter- 
ference, as well as a certain very small inclination. It is also assu- 
med, that ata given distance from the front of a wave, the intensity 
of vibration of a partial wave is proportional to that in the front 
of the wave, which is very probable. 

The case of transmission through inclined rectangular apertures, is 
calculated in exactly the same manner as that of oblique reflexion. 

If the image of the luminous origin be considered to be the new 
origin for direct light, and if the inclined mirror be considered to 
be an oblique aperture, and if partial waves be supposed to pro- 
ceed from every point in the surface of the mirror, the caleula- 
tions for this case will be identical with the preceding for oblique 
reflexion. 

The supposition of the emission of secondary waves from the 
plane of the aperture is equivalent to this hypothesis:—In de- 
termining the effect of transmission through narrow oblique aper- 
tures, instead of the partial waves being supposed to proceed from 
the front of a primary wave, they may be conceived to be emitted 
from the consecutive line of common section of the front with the 
plane of the narrow aperture, as it advances through the aperture; 
and the intensity at any point produced by the transmitted light may 
be calculated by estimating the effect produced by these secondary 
waves. 

I have calculated the breadth of one of the fringes on a circular 
screen, corresponding to the data of one of my former experiments, 
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and have found the agreement to be within the limits of what I 
would consider the unavoidable errors of observation, at least by 
the means that I have of observing. The difference was about 
ae ee reeks 
00 of an inch, or about the tenth part of an interval. It would, I 
believe, with more perfect apparatus than I have, be possible to 
determine the intervals more accurately ; although there is a limit 
to the necessary degree of accuracy of apparatus, from the fact, 
that the eye alone can determine the position of the lines of 
minimum intensity; and this cannot be done with very great 
precision, 

Most of the experiments that 1 performed, were only for the 
purpose of satisfying myself in regard to the general appearance of 
the fringes. I believe 1 took accurate measurements only in two 
or three instances, for the purpose of comparing the observed and 
calculated intervals 

The manner in which I performed the experiments was this:— 
P (fig. 3.) isa candle or a small mirror reflecting the sun’s light. 
The light passes through O, a vertical aperture in a sheet of paste- 


; : De ' ar 
board, and its breadth is about 0 of aninch. M’Q is a screen, 


a sheet of white pasteboard, placed vertically, and perpendicular to 
the plane MD of the mirror. When the sun's light is used, the 
fringes are seen on both sides of Q on the pasteboard ; when the 
light of a candle is used, a lens of about 4 inches focal length, and 
3 inches in diameter, is placed at Q; and when the eye is situated 
behind it, nearly in the principal focus, the fringes are seen very 
distinctly, and can be measured by applying a pair of finely 
pointed compasses to the anterior surface of the lens. The mea- 
surement by this means will not be so exact as by a micrometer ; 
but the error of observation may not much exceed that arising 
from estimating by the eye the points of minimum intensity. The 
breadth of the reflector was measured also by compasses, which 
were applied to an accurate scale, and by means of a lens the 


measures could be easily estimated to the part of an inch. 


] 
200 

The inclination 6 can be found with considerable accuracy by 
taking the lines mm,’ mQ, equal, and about 100 inches ; and mea- 
suring also the line m’Q, and then calculating (2. 

If RM is the breadth of an inclined aperture, and if the point 
A inthe line OO’, perpendicular to its plane, be found where the 
extension of its plane meets OO'; then by placing the mirror RM 
so that the image of O observed from Q may coincide with O’, 
AO’ being = AQ, the mirror will then have the same inclination ; 
and the breadth of the fringes produced by them will be the same. 
I have at least convinced myself by some experiments that this is 
the case, though I have not got measurements taken with sufficient 
precision for publishing them. 
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One circumstance is apt to mislead if not attended to. If the 
substance in which the oblique aperture is made is of sensible thick- 
ness, and not thinned off to a fine edge, then, the light proceeding 
in the direction at R, (see fig. 4.) the breadth of the aperture is 
evidently MR instead of NR; when pasteboard is used, this cir- 
cumstance produces a very sensible effect with small inclinations. 

The mirrors that I used were of plate glass, covered on one side 


6 
with black wax, and one of speculum metal, 10 of an inch broad. 


The formula for the intervals shows that they are independent 
of the distance of the mirror or aperture from the light, as is the 
case with narrow obstacles aud perpendicular apertures. 


IIL.—NEW SOLUTION OF A CUBIC EQUATION. 


By J. Cockte. 


THERE is a soluble form of the perfect cubic equation 
x 4 ax? + br +e =0, 


to which all cubic equations may be reduced. For if 3ac= 6, and 
the equation be put under the form 


— 2? = ax? 4+ O21, 
and each side be multiplied by 3ad, 
— Saba? = 3b.a°a? 4+ 3b?.axz 4 53, (since 3abe = b*); 


adding a*z° to each side, and extracting the cube root, 


zVa>— ~ ab = ax + b; 
therefore 


b 
o= Vad = rere |b F 
In any cubic where Sac is not —- to U*, put y + 2 for x, and 
x? 4+ ax? + bx + ¢=0 becomes 
y+ (92 +a) y? + (822 + Qaz + b)y + 294 a2? + be He=O, 
or y® + Ay? + By + C=0, 
and it is required that 3AC = B?. 


Putting for A, C, and B, their values in terms of z, &c., and 
equating ; the powers of z above the second vanish, and we have 


(a? — 3b) 2? + (ab — 9c) z + (b® — Sac) = 0, 
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—— ab — 9c . b? — S8ac = 
, ? aes a ee = U; 
therefore z is known, and by (1) 

Y= 3S ’ 
y A? — 83AB — A 

B 
ee Se ar. Gee A 

Now A'—3AB=A (A*—3B) 

=(32 44) $(3z 4+4)*—3 (32? + 2az +b)? 

= (3z+4a) (a®?— 3d); 


+ 2z 


therefore 
- i 5 tt | 
~ ¥(a®—3b)(324-a)—(3z4+a) Vv (a?— 3b)(3z-+-a)—-(3z+a) ; 
Hence, if 8z + a=a, y 
az + az 4b ” (2 
V (a _— 3b) a —a ed i 
and (1) may be put under the —_ 
i V (a Sa 3b) a—a 
As an example, let 2° — 4a? + 6x — 3 =0. 


Here S3ac—26—6?—D?, 


bd 


t= 


b 6 6 
therefore zx = 5=———————- = =-= 
Va? — 3ab — a Yf8 4+ 4 6 
Again, 2 — Ta? 4 177 — 14=0. 


Here 3ac is not equal to 2; therefore we must apply the second 
method. The equation for finding z is 








a4 ab — 9e ? b? — 3ae iil 
‘ a® — 3b + Pe eae 
— 119 + 196 289 — 294 
or 2 # — 9 + 126 z + 9 = 0, 
49 — 5l 49 — 5l 
7 5 ’ 10 
or f= - z= a therefore z = 1 or —. 
2 2 4. 
Take z= 1, a= 3z+a=z—4, 
and putting a? — 3b = n, 
+ajz +l o~ tee 6 
lis ae ER ee a fa +i= - + 1 = oe 
V na ee | 2+ 4 6 


therefore x = 2. 
OP x eee 
3—. might have been used as a multiplier in the commencement 
a 


instead of 3ab. 


K K K 
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IIIL—ON THE FORM OF A BENT SPRING.® 


In the following papers it is proposed to discover the differential 
equation to the curve formed by a bent spring, upon the supposi- 
tion that the particles of the spring are compressible as well as 
extensible; the present assumed law of tension being only true 
when the particles can be extended but not compressed. 

A spring is supposed to be made up of an indefinite number of 
indefinitely thin laminz; and the lamine composed of an indefi- 
nite number of indefinitely short elementary particles, as in fig. 5. 

Axioms which are founded upon experiment. 


1. If a right line r7’, passing through the middle points 0, o' of 
two or more contiguous elementary particles pp’, gp,, be perpen- 
dicular to their forces pp’, p,p;, before tension, it shall be so 
during tension. Did this law not hold the lamin of the spring 
would have a sliding motion, and the form of the bent spring 
could not be made the subject of mathematical investigation. 


Cor. All the lamine of a bent spring have the same normals at 
the same distances from the ends of the spring; and likewise the 
centre of curvature of one is the centre of curvature of all the 
contiguous elementary particles. 


2. The particles of springs are extensible and compressible in 
direction of the laming, and it is owing to this state of extension 
and compression only, that the spring is elastic. 

3. If és be the length of an elementary particle of a lamina be- 


fore tension, ds’ after tension; and if T be the tension, and e the 
elastic modulus, 





To find the tension of a bent spring at any point, and the force 
with which it tends to resist bending, let AC (fig. 6.) be the bent 
spring, QO, Q’O, normals through the middle points of two adja- 
cent lamine: then these bisect all the contiguous elementary 
lamine. Let UW, 7l’, be the halves of those adjoining elementary 
lamine which are neither extended nor compressed, since the 
result of bending the spring in the ordinary way is to compress 
those lamin towards the concave part, and extend those towards 
the convex. 

Then, if Zrr’ be parallel to QO, 7r’r’’ parallel to Q’O, these 
lines define the original boundaries of the elementary particles ; 
consequently if # be the distance of the extremity of a particle from 


From a Correspondent. 
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; . ds, 
il’, that particle has been extended =, if ds =Il', r=rad. of 
r 


curvature ; therefore the force of tension arising from that exten- 
. , ,  CROE OE .2 ‘ 
sion tending to close the extended lamin, is F » if ox be its 
rds 


thickness. Also, its moment tending to turn Qr/’ about 7 into its 


oo . See _ a. ' ; — 
former position, is ———; therefore 5, is the force tending to join 
r 2r 
— t= 
the spring, if ’7=a; and e op 


“ 


a2, ‘ , 
is the force tending to separate 


a? — (t- a) 


the spring if r’r =¢; therefore e ( is the total force 


ar 
tending to join the spring, or acting upon Q?’” in direction Z/. 


13 t— ae . 
Also, e¢ (SE a 2) is the total foree by which Qr’ would 


or 
turn about / into its former position, were it not that another force 
keeps it stretched. If the spring be incompressible, this latter 
, et? , , 
force = a? which agrees with the ordinary received force. 
3r 

To find the differential equation to the curve, the thickness of 
the spring being inconsiderable. 

Let P (fig. 7.) be a neutral point, supposed on the spring, R 
the force applied at the end of the spring ; X, Y, the resolved parts 
of R, in direction of axes of x and y; 2, y, the co-ordinates of P: 
therefore we have 


, dx dy _ (@ — (t — a)*) 
X 7, -o*, a jos (1), 
' a3 Pas 3 
ee ne 


— posses 
In most cases, since @ is very small, ec must be very large, and 
the neutral point will lie nearly in the middle of the spring; in this 
case the ordinary equations hold. 
Between (1) and (2) we must eliminate a, and the resulting 
equation is the equation required. It is to be observed that the re- 
sulting equation is the equation to the neutral line. ‘The equation 


is of the second order, since 
dy? 3 
1+ =) 
dx] , 
d?y 
dx? 
It is generally more convenient to make the direction of R the 
axis of y. 


-=- 








a 


a rere 
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In this case we have 


Y dy - —(¢— = te —_ Set 
-- ——~— C€ ———————— = —— °C; 


ds 2r 2r 
a? + (t — ay t? — Sat Sat? 
Ye= ¢(@+ dient 0, (—— & 5M 
“or 3r 


Cor. If it be required to discover the law of thickness of a 
spring, that when bent by a given force it may assume a given 
form, let y = f(x) be the equation to the curve. We must sub- 


. dy, : : : : ; 
stitute for q its value in terms of 2, and for 7 its value in terms of 
ds 


x, whence eliminating a we shall obtain ¢, = ¢ (2). 


IV._SINGULAR POINTS IN SURFACES. 
By D. F. Grecory, M.A. Fellow of Trinity College. 


Tue nature of those points in surfaces which are analogous to mul- 
tiple points in curves, has not, so far as I know, been hitherto 
discussed in any work on Analytical Geometry. Leroy, in his 
Analyse Appliquée, and in his Géometrie Descriptive, does little 
more than indicate their existence; and Monge and Dupin, 
although they have given much attention to those singular points 
called umbilici, have not spoken at all of the points which are the 
object of the present article. The subject is, however, one of 
some interest, from the light which it throws on the form of certain 
surfaces; and in physical investigations Sir W. Hamilton has 
shown by his researches on the form of the Wave Surface, that such 
points are of considerable importance. 

In the first place, it is necessary to define precisely what is 
meant by a singular point in the sense in which I use that phrase. 
If 

F (2, y, ) = 0...... (1), 

be the equation to a surface, then those points for which all the dif- 
ferential coefficients of F, with respect to a, y, and z, below a cer- 
tain order, vanish, I call singular points ; and the values of a, y, z, 
which satisfy these conditions, I shall call the eritical values. We 
shall have to consider chiefly points for which the differential co- 
efficients, of the first order only, vanish, so that the characteristic 
of such points is, that the equations 

ae ot = wh... (2), 

dx dy dz 
are satisfied by simultaneous values of x, y, z, which also satisfy the 
equation to the surface (1). When the conditions (2) do not hold, 
we know that the locus of the tangent lines to the surface at a given 
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point is a plane, which is called the tangent plane. When the con- 
ditions (2) do hold, the direction cosines of the tangent take the 


0 
form 5° and are therefore indeterminate, showing that there may be 


more than one tangent plane at the point: and we shall see that 
there are in general an infinite number of such planes, forming by 
their intersections a tangent cone. 

Let us now investigate the locus of the tangent lines at asingular 
point. This we shall do by the same method as that employed in 
Vol. I. p. 135; and for the convenience of our future operations, 
let us put 


U= . v= al Wr dF P 
dx dy dz 

e= pit = ped o= 
dx? ’ ~ dy?’ ~ dz’ 

rom ay , aE } Ee 


v = —— ~ = ‘ 
dy dz’ dx dz’ dx dy 
Let then the equation to a line passing through the point 2, y, z, 
in the surface, be 
’ U , 
a—-2® yy g—s 
eck. eg ae 2 Prciccreeh Oh 
l m n 
x’, y', 2, being the current co-ordinates of the line. This line will 
generally be cut by the surface in one or more other points, Let 
the co-ordinates of the nearest of these be 2, Yy» 2%, then from 
equation (a) we have 
2=ae2eth, y=y + mr, 2,=2 + 28. 
Substituting these values in the equation to the surface, it 
becomes 
FSa + lr, y+mr, z+ nr} = 0. 
Expanding this, considering fr, mr, nr, as the increments of 
x, y, z, we have 
0 = F(a, y, z,) + r(lU + mV + mW) + 
72 F P r 
to; $a mv 4 nw 4+ 2(mnu' + Inv’ + Imw')} + T%3 3; %. 
. +209 
But from the equation to the surface 
F(x, y, 2) = 0; 
and when the point is a singular point, 
U=0 V=0 W=0; 
therefore the equation is reduced to 


0= 5 $/?(w) 4 m?(v) $ 0?(w) + 2(mn(w') —In(v') + lm(w')3 
- r 
+ 12.3 Ye 


where the differentials are inclosed in parentheses to indicate the 
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values they receive when the critical values of 2, y; Z, are substi- 
tuted in them. When the line becomes a tangent, the points 
L,Y, Z% 2X, Yy 2, ultimately coincide, and r becomes indefinitely 
small ; in which case the preceding equation becomes ultimately 
P(u) + mv) + u?(w) +2 fmn(u') + In(v') + Im(w')? =0 ; 
whence eliminating /, m, m, by means of equation (a), we find 
(uw) (a —x)?4+(v) (y'—y)* + (w) (2 —2)? 4.2 3(w') (y'—y) (2 —z) 
4(v') (a — 2x) (2)—z)+(w’)(y'—y) (2 —2)} =0......(3), 
as the equation to the locus of the tangent lines. This is evidently 
in general a cone of the second degree, though with certain values 
of the coefficients, it may represent two planes or a straight line. On 
transferring the origin to the singular point, the equation (3) may 
be put under the form 
(wa? 4 (e)y? 4 (w)2? +2 $(u' )yz+ (v' az + (w')ayz =0......(4). 

If we suppose that all the second differential coefficients also 
vanish for the critical values of the variables, we should easily 
find that the locus of the tangent lines at a singular point is a cone 
of the third order, and so on in succession to any order. The 
forms of the equations are easily found by taking the corresponding 
differential of F(a, y, z), and substituting in it a, y, z, for da, dy, 
dz. It is unnecessary to write down these expressions, which are 
rather long, as I shall scarcely have occasion to use them. Before 
proceeding to give some applications of the formula which has 
just been investigated, I shall make one or two remarks on the differ- 
ence, with respect to singular points, between plane curves and 
surfaces. In the first place it will be readily seen that the three 
equations (2) may be satisfied by some relation between the vari- 
ables, without assigning any particular value to each. If we sup- 
pose the relation to be given by the equation 

$ (#5 y 2) = 0 

the intersection of the surface (1), with that represented by the last 
equation, will give a line which is a docus of singular points: that 
is to say, every point in the line is a singular point. Such, 
for instance, is the edge of regression of a developable surface, or 
the rectilinear directrix of a conoid. There is nothing analogous 
to this in plane curves, since the one variable is always determined 
in terms of the other by the equation to the curve, so that there 
is nothing left indeterminate. In the second place, I observed be- 
fore that the equation (4) may represent a cone of the second order, 
or two planes, or a straight line, which last may indeed be consi- 
dered as a cone, the vertical angle of which is zero. In plane curves, 
the corresponding equation could represent only two straight lines, 
or two points, since a homogenous function of two variables can 
always be decomposed into possible or impossible factors of the 
first degree. We shall now proceed to some examples in illustration 
of the general theory given above. 
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Singular Points in Surfaces. 


1. Let the equation to the surface be 
(x? 4 y2 4 2%)? = are? 4 8? 92? — e222, 

This is the locus of the intersection of the tangent planes to the 
hyperboloid of one sheet, with perpendiculars on them from the 
centre. Here 
U=2a(2r?—a?), V = 2y(2r? --6?), W=22(2r? +. c?), 
wu =2(2r2—a*) 4 8a%, v—2(22? -—b?) 4 8y?, w= 2(2r? +c?) + 82’, 
u' = 8yz, v' = Srz w' = 8xy. 

At the origin, or when z = 0, y = 0, z = 0, U, V, W, all 
vanish ; that point is therefore a singular point. Substituting the 
critical values in the expression for the second differentials, we 
have 

(uw) =—2a*, (v) =— 20, (w) = 2c, 
(u')=0, (v') =0, (w' )=0. 
The equation to the tangent cone at the singular point is, therefore, 
aa? 4 hy? — c?z2 = 0, 

This represents an elliptical cone, the axis of z being perpendi- 
cular to the directrix. 

2. The equation to Fresnel’s Wave Surface is 

(x? +? 4 22) (a2a* 4 bey? 4 c22*) —02(b? 4 €*)a® — b?(a? + c*)y? 

= c(a® ++ b?)2? +b? ==0. 

In this case, 

U= 2a $a°(r? —b?—c*) + a’a? + b’y? +022, 

S_ @_¢ 2 QoS 

V=2y $b%(r? — a?—c?) + aa? + by? 4 cz, 

W = 2z 3c?(7? — a®@—b?) 4 aa? 4 by? 4 722, 
Now these expressions vanish when 

yg=0, “f= B, 
involving as values of x and z 


a2 — & my 6? — ¢? 
ea=te 5 z=+a >———. 
ie a> — ¢?’ a — e 


There are therefore four singular points corresponding to the 
four different ways in which the double signs of x and z may be 
combined, We find also 

a2 - lb? 


: ; , 0? -- ce? 
= —> (v) =— 2(a? _ b?)( b2 _— c*), (w) = 8a2c2 a ’ 





(w) =8ua2c? 





24 72 
(uw) =0, (v’) =4ac Vv (a?— 0?) (U'—c’) ore ’ (w' =—0. 


Substituting these values in equation (4), and putting the result 

in the simplest form, we find 
? a—e 2 a4? xz 

Ce a. ae 
Boe te Y + at _e* Vimy (a) a 
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as the equation to the tangent cone at each of the singular points. 
It is supposed throughout that a, b, c, are in order of magnitude. 
3. Let the surface be the locus of the intersection of tangent 
planes to an elliptical parabolvid, with the perpendiculars on them 
from the vertex, the equation to it being 
z(a?4y? 427) 4+aa? +4 by?=0. 
Here U=22(z+ a), V=2y (z } b), W=29 4 y? + 32%, 
These expressions vanish when «=0, y=0, z=0; which values 
also satisfy the given equation; the origin is therefore a singular 
point. We find also 
(u) = 2a, (v) = 2b, (w) = 0, (u’) = 0, (v) = 0, (w’) = 0. 
The equation to the locus of the tangent lines is 
az® + by* = 0, 
As a and b are both positive, this can be satisfied only by 
x= 0, y = 0; 
and it therefore represents the axis of z. It will be seen from the 
equation that z can never be positive since that would render a and y 
impossible ; the point in question is therefore a cusp. The surface 
surrounds the negative axis of z which it touches at the origin, so 
that the form of the surface resembles the shape of the flower of 
the convolvulus, A correct idea of the surface may be formed by 
supposing a cissoid to revolve round its axis ;—the surface generated 
is the same as that of the surface here discussed when a = b. 
If a and b be of contrary signs, in which case the surface is 
formed from the hyperbolic paraboloid, the equation to the locus 
of the tangent lines is 
ax® — ly? = 0, 
which represents two planes perpendicular to the plane of 2, y. 


4. The equation to the Cono-cuneus of Wallis is 
a? y? — a? (c? — 22) — 0. 

Here 

U = — 2x (ce? — 2"), V = 2a, W = 22%. 
These all vanish when 2 = 0, y = 0, independently of any value 
of z; so that the axis of z is a locus of singular points or a singu- 
lar line. We find also 

(u) = — 2 (ce? — 2*), (v) = 20°, (w) = 0. 


(vf) = 0, (v' =>, (w') = 0, 
so that the equation to the locus of the tangent lines is 
ay/? — (e&— 2°) 22? = 0, 


the current coordinates being accentuated to distinguish them 
from z, the undetermined coordinate of the point under consider- 
ation. So long as z < c¢ this equation represents two planes per- 
pendicular to the plane of wy. z cannot be greater than c, as y 
would then become impossible. 
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5. Let the surface to the hélicoide dévelopable, the equation to 
which is 


~ (2a f(a? 4-y?—a?) Qr =f (a* 4 y? —a?) 
Sa —¢— 2 2 iti | ao Oe ee ee ee 
( h a Jey _ (5 a ‘ 

If we assume 
or af (x? ao ¥ - a?) 


== §, 
h a 
we find 
xx cos 0—y sin 0 

U=sin - do 9 : = “d 

ar/ (a? 4 y? —a?) 
; y (x cos 0—y sin @) 

V=cos @— ————_; —~__~* 

af (a +y? +a°) 

2 


W= _ (@ cos 0—y sin 0). 


From the equation to the surface it is easily seen that 
x cos O—y sin 0= f(a? 4 y?—a?), 
Hence if we assume 


. Irz 2nz 
xv=asin-—, y=a Cos ’ 
h , h 


the three preceding expressions will vanish, and therefore the line 
determined by these equations, and the equation to the surface, is 
a locus of singular points. This line is the intersection of the sur- 
face by the cylinder 
a + y* _— a’, 

and is evidently the generating helix. Since in the equation to the 
surface x* + y® can never be less than a’, it appears that no part of 
the surface lies within the helix, which is therefore truly an edge 
of regression, 

On proceeding to the second differential coefficients, and substi- 
tuting in them the critical values of # and y, we find, retaining 
only the terms which become infinite from involving /(2*-+y*—a’*) 
in the denominator, 


Qrz Qrz . 2r2 Qrz 
(w)=—2 sin | 098 z » (v)=2sin — cos = » (w)=0, 
( ? Qn Qnz P Qn . Qrz 
=- 3 — = = Sil 
u) 4, SF» (v') Z, n> 


» 9 2aZ Qrz 
(w') = sin? — cos? — 
h 
so that the equation to the locus of the tangent lines is 
(y'2— 22) sin nz cos nz —2'y' (cos? nz—sin? nz) 
nz (x' sin nz4y/ cos nz)=0, 
I 


LL 
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Qr 
where x= << and the accentuated letters are the current co- 
( 


ordinates of the tangents, and the unaccentuated z is the unde- 
termined co-ordinate of the point of contact. 

This equation may be decomposed into two factors, 

a sin nz + y/ cos nz = 0, 
and y' sin nz — a’ cosnz 4 nz’ = 0, 
which are the equations to two planes. 

6. I shall take a single example where it is necessary to proceed 
to an order of differentiation higher than the second. 

Let the equation to the surface be 

(a2 4 y2 4 22) = a? (y%2? 4 a2? 4 a2), 

It is easy to see that the origin is a singular point; and on 
making x =0, y = 0, z =0, all the differential coefficients of the 
second and third orders vanish, while of the fourth all vanish 
except three, which are 

o ‘ 
dx’dy2 dx*dz*—dydz®—— vail 
The equation to the locus of the tangent lines is therefore 
y*z? 4 x22? 4 xy? = 0. 
This is satisfied in three ways only, either by 
z= 0, y= 0, 
or by x = 0, = 0, 
or by 7 =, 4), 

It therefore represents the three axes, and shows that the surface 
at the origin touches these lines, forming round each a figure re- 
sembling that produced by the revolution of a circular are round a 
tangent. 

It is needless to multiply examples, more especially as there are 
few surfaces of a high order which are sufficiently important to 
require a minute discussion. 


V.—ON FOURIER’S EXPANSIONS OF FUNCTIONS 
IN TRIGONOMETRICAL SERIES.* 


The object of the following paper is to endeavour to shew in 
what cases a function, arbitrary between certain limits, can be de- 
veloped in a series of cosines, and in what cases in a series of 
sines. Though the whole subject has been treated very fully by 


* From a Correspondent. 
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Fourier, yet, as he nowhere directly demonstrates, that a function 
can be developed in a series of sines or cosines separately, and as, 
from the want of this direct demonstration, many of his formule 
have been believed to be erroneous, the following paper may be 
interesting to some readers. 


It has been rigorously demonstrated, first, so far as I know, by 
Fourier and afterwards by Poisson, that 


Qn 


Q7 
nfe= i] fada + cos x cos afa da + .......6 


0 


Qn 

+ sin | sin afada 4+ ...6 sey 
0 

where fa is completely arbitrary, between the limits « = 0 and 

x = 2x. Now, putting the first part of this series equal to oa, 

and the second to ma, we have 


ee oe) eeeerer (a). 
But, since sinzx =—sinn (2r—x), and cosnx = cosn(2r—2), 
it follows that a =— wv (27 — x), and gx=9@ (27—2), and hence 


Sf (27 —2) = on — Ya... «. «.(b) 


Hence, by this equation, and (a), we have 


43 fx + f(Qnr — x) = gw ........(€) 
and 33fx—f(2r —x)i= Ye ........(d)- 

Now, when z is between 0 and x, fx and f (2a — 2) are perfectly 
arbitrary, and independent of one another ; and therefore it follows 
that ox and Ya are likewise perfectly arbitrary between the same 
limits. Now 


a7 Qn 
Tor = a fa da + cos x cos a fa da 
0 0 on 


+ cos 2x cos 2a fa da + &c. 


0 
an Ca 


= | fa da + cos | cos a fa da 
0 0 


ie 


+ cos 22 cos 2a fa da + &e, 
0 
T 


+ 4 J (2x—a)da+ cos x cos a f (22 — a) da 
0 


0 


4+ cos 2e| cos 2a f (27 — a) da + &e. 
0 


ew 


=4 | § fa +f (2n—-a)ida + cos of, cos a$ fa +.f( 27 —a)} da 


Jo 


an 


+ cos 2a | cos 2a $f + f(27-a)ida + &e, 
0 











ian 
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or by (ce), 


Tv 
T 
5 oe = 4 | ga da + cos *| cos aga da 
~ ~9 0 
7 


+ cos 2x cos 2a ga da + &e. 
“0 
In a similar manner it may be shewn, that 


aT Py 


wr 


T 
Ya =sin | sina Yada+sin 20 | sin 2a Pada + &e. 
0 0 
Hence we see, that any function whatever of 2, may be re prese onted 
between the limits 0 and z, by a series either of cosines or sines of 
multiples of 2. If it be represented by a series of cosines, then the 
value of the function corresponding to any value of x, will be found 
from its values between the limits a = 0 and x =7, by the con- 


dition, 
fe =f (27 — x): 
while if it be represented by a series of sines, the condition will be 
fax = —f(@r-z). 
The same results might have been obtained by taking, in the 
original equation, fx subject to either of these conditions. If it be 
or 
subject to the former, fa sin na da will vanish, and fv will be 
0 
expanded in a series of cosines, If it be subject to the second con- 
rQ7 
dition | fa cos na da will vanish, and fx will be expanded in a 
0 
series of sines. The two series thus obtained will be equal to one 
another, when z is between 0 and 7; but when 2 is between xz and 
27, the value of one will be the negative of the value of the other. 

Fourier gives many expansions of functions in series of sines or 
cosines alone, obtained from the formule given above ; which, 
however he demonstrates merely by assuming fx to be developed 
in such a series, and then determining the coe efficie nts. Now with 
regard to these series, Mr. Kelland, in his excellent Treatise on 
Heat, remarks, that they are “nearly all erroneous.” This remark 
has probably arisen from finding that they differ from the develop- 
ments obtained from the general formula for functions which 
follow the given assumption through their whole periods from 0 to 
27, instead of following it merely between the limits 0 and z, as 
is the case if sines or cosines alone be used. 

Thus, Mr. Kelland gives the following expansion of a function 
which is equal to ce, when a is between 0 and a, and to zero, when 
xv is between a and 27: 

pe 1 : 1. 
vy =1a+ sinacosxz + 4sin 2a cos 2a + ...... 
> 2 2 
4+ versasinag } dvers 2a sinQx +... .. : 


an expression differing, as he remarks, from Fourier’s, “ which em- 
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braces only the second line of this.” Now, as long as a lies between 
0 and z, the two series of which this expression is composed, are 
equal to one another, if we suppose, for the present, a < z, and their 
sum is the required function between these limits. When, however, 
x is between z and 27, the value of the one series is the negative 
of the value of the other, asis readily seen from what has been said 
above. Hence, when 2 is between w and 27 the value of the ex- 
pression is nothing. Now Fourier proposes to find an expansion of 
a function which is equal to ec, when 2 is between 0 and a, and to 
zero when a is between a and z, without any supposition regarding 
the values of the function, when x is between x and 27. Now it 
is clear, that the double of either of the series in the expansion 
given by Mr. Kelland, will be sufficient for this purpose, and 
Fourier, “‘ Théorie de la chaleur,” page 244, chooses to make use 
of the second; that is, he develops the required function in a series 
of sines of multiples of x. 

The series given by Fourier may be verified in the following 
manner : 

Let u = versa sina + 4 vers 2asin 2x 4 &e., 

sinz + }sin 2x + &e. 
— $3 sin (a + x) 4 4 sin 2(a 4+ 2) -}. &e.3 
+ 43sin(a—a) + dsin2(a— 27) + &e? 
Now it is well known, and it is demonstrated by Mr. Kelland, p. 59, 
that 


1 
Il 


sin@ + 4sin20 + &c.= 4(r-8), 
which obviously holds for any value of 6 between 0 and 27, and for 
no others. Hence, x and a being, of course, each less than 7, we 
have, when a <a, ur, 


When z > a, the last series may be put under the form 
—}3sin(wx—a) + $sin 2 (a—-a) + &e.2, 
and consequently we have 
=U, 


The values of w are thus found for all values of a and 2 between 
0 and z; and, from them, those for any values of a and 2 are 
readily found. 

In exactly a similar manner it may be shown, that the series 

: . “gg : 

given by Mr. Kelland, p. 64, is really the expansion of a very 
different function from the one of which the series given by Fourier, 
p- 246, is the expansion, Thus, the trapezium represented by Mr. 
Kelland’s series occupies the whole space along the axis of 2, from 
0 to 2x; while, in that space, two trapeziums are represented by 
Fourier’s, one extending from 0 to z, and the other from z to 2z, 
and inverted, with regard to the axes both of 2 and y. It may also 
be remarked, that the form of the trapezium represented by Mr. 
Kelland’s series is much more general than that of the trapezium 
represented by Fourier’s, 
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Fourier’s series may be verified in the following manner : 
4 , »- , 
Let wv = —(sin asin 7+ 52 sin $a sin $v 4 ..). 
us . 


= 
Then = = * (sin acos # + 5 sin 3a cos 3x + ...). 
vT ‘ 


_ 2 fsin(a+ 2x) + 48in3(a+2z)+...] 
~ # | +sin(a— 2) 4 ds8in3(a—2)+.. f 
Now, if a and 2 be each less than 47, we have (Fourier, p. 237, 
or Kelland, p. 65,) 


du : 
— = 1,° when2z <a, 
dx 
du 

and = 0, whenz > a. 
dx 


Hence we have, obviously, 

“= 2x, from x = 0 to x =a, 
and «w=—a, fromz = ato # = ir. 

Now, since sin (2n + 1) a = sin(2n + 1) (a — 2), the values 
of « are the same for x as for 7 — x. Hence 

ua, fromz =0 tox =a, 
usa, fromzaz=ator=7—a, 
and w=ar—2, fromr—=r—ator=m. 

I have examined the other series given by Fourier, on this sub- 
ject, and they seem to be all correct, with the exception of misprints 
and mistakes in transcription, which, unfortunately, are very nume- 
rous, The only one of these mistakes which can cause any serious 


embarrassment, is with regard to the series at the top of p. 245. 
The value of this series, between the limits x = 0 and a = a, is 


. Ter . ‘ e 
sin — , and not sin a, as is there stated. The same error occurs 
a 


in p. 444, where an application of this series is made to determine 
the value of the definite integral, 


l dq sin gz sin gr 
0 iw” , 


but Fourier must have been in possession of the correct value, as it 
is that value which be employs in this application. 


Pp. Q. B. 
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VI.—ON CERTAIN INTEGRAL TRANSFORMATIONS. 


By B. Bronwin. 
Denby, Oct. 12th, 1840. 

Sir,—I transmit you a few Integral Transformations. The 
integrals are reduced to elliptic, or such as are known to be elliptic 
functions. I am not aware that they have ever been reduced to 
such before, with the exception of three or four of them; and the 
mode of reduction is so simple as to deserve notice. Their form 
in general is the most useful, and the most conspicuous to serve as 
way-marks. Many more, however, are wanting to complete the 
list, so as to include every variation and combination of exponent. 
If that could be done they would deserve to be tabulated, with the 
substitutions proper to effect their reduction. 

I am, Sir, your obedient servant, 
B. BRONWIN. 
To the Editor of the Cambridge Mathematical Journal. 

In what follows, the letters E, F, denote elliptic functions, or 
rather functions, which by methods indicated by M. Legendre, are 
easily reduced to such. The letters a, b, c, &c. indicate the parti- 
cular transformations to which they are attached. 


(1 +c)2 p72 ve 





Let y= ipa’ wall (a). 
Then 
_ ov (1—2a?). a _ 1—ex? 
v—y)= ] +-cx? Y (1- hy?) = Tex’ 
wus 1—f(1—Pa*) _ §1— of (1— hy yy vee y*) 
L+ f(l—Rx?) Re ine th 
y 
ioe V1 +hy) — Vv — hy) | 
v (207). y 
T_ Ve oA (l+hy)+ V(1—hy) 
Vx /(2k)” J/y 
iia (1 4+) (1 —ex?) dx 


(1 4 ca?)? . 
dy an (1 +c) dx 


Vy). Ry) (=a). eat)" 
From this last, by means of the equations preceding, we easily 
deduce the four following : 


Q/erV/(lte). f/xrdx 

7 (1—a?). (1 —ea?) 
ele: sao dy 1 
= V0-) Vo—W) V0). Vee 
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2/(l+ec). dx 
f/x /( | —z*) ‘ WAG —c*z*) 
7 dy dy 


— 2 nee ~9\ r i. a) <a « oo ove v00( 2), 
J/(1—y?). V (y— ky’) V (1--y?)./ 1 + hy?) 


__ Wh f (1+ c).a° dx 
VU=2). Jee) 
= (2 —khy) dy = (2+hy) dy 


9 VRP) V (yh) y Vly?) Vy 


ok / (i+) . dx 
> 


a /x/(1—a2). /( —ee) 
(2—khy) dy (2+hy) dy 
y Vy). (y—ky*) oy (1 —y*) A (9 + Ay”) 
These are all E, F. We now proceed to another transformation, 


(3), 





tell (4). 


v (1-2?) /(l—y) 
Let = aa 8 t= —2 a sesene (bd). 
V/ (1 —c*2"*) J (1 —ey?) 
A (le?) _yV(U-e) 


Then v( 1 —c*x2) = R / ( ] —x)= 


Y(i- c*y") / (1 — cy?) . 
x 4/(1—e?) _ V(1l—y?) 
/ (1 --2?) yo? 


ie —(I —— xdx 7 
(i— x)? (1— e242)? 
dy ” —dx 
J (=¥?).7 (ley?) 4 (1a?) (1 a2)" 
In the same manner as before we may deduce from these the 
following : 
dz a —/y.dy 


a 2)? (1—ea2)? i VAG —y?). V(1\—ey?) eee cccces (5). 


The last is an E, F, by (1). 
dx » —dy : 
3 = ea ae ae ayy (6). 
(1—22)* (1—eary* = V 7% Y)*% Y 
This is a E, F, by (2). 
dx _ —V(l—e*). fy dy 


= tee ee O 


(1—2%)* (12a 
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dx dy P 











sii 8). 
—_ ‘i of) \ 
(—2)* (1—ee2y? ~ Vl ce") Vy v0 y) 
The two last are plainly E, F. 
il ge FOO GS 9) 
s 1 — — as oe ~ eee eee eer se eee , 
(1-29)? (1—e’e)® (1 —y2y* ey’) 
— ‘on _ = Vee ).v ey canes 
(1—2*)* (le a (1-y’)* (ley?) 
In(9) make (1—y°)* ie ty OE ede 
n make (1—y*) =v; and in ,— 
a-yF? 
(<- 1)'= v; and these are both evidently E, F. 
y 
4 — oie 
mA. wt __ = dy 3 coceceee seeeee CH). 
Vx er ae ay (OM 
If we make y = res = this is seen to be an E, F. 
_ (ite\' WU +2) _ 2a (e) 
Next, let y = ( 5 )y Vitex)’ k= ite (ec). 
i—c\} Vf (1—2) 
Then 1-y* =(5 ‘iz 
V7 (1—y*) ‘Sagar a 
_ 42,2 =<) (1 —ex ; 
oY (1—Ry =(5 7 bea)' 
dy _ +? dx 





Vv (l—y*). f Ry 2) “2 V(—a®). JU—eady’ 


From hence we derive, by the same process as before, 














| és —=(2.}* Sydy 
1 1 i r —y — hy? 
(1—w)7(1 —ex)®(1 4.2)*(1 4 ex)" I+e ¥(1=¥) (1B?) 
rosea TON 
dx 
(1—a)?(1—er)*(1 4 2)*(1 4 ex) 
=(_2_\4 __ 
oe ee 
The two last are E, F, by (1) and (2) respectively. 
de 
(1—2)* (1—exy* (1 +2)! ties! 
2 4 
” = { =p —— ee eae (14), 


1—y?)* (1 — h2y?)’ 


MMM 
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dx 


aa wae a 1 a 
(1—2)* (1—ex)* (1.42)" (1 4ex)? 


2 \i dy : 
- (=). ow ee = 0 anneos (AED 
(1—y?)* (1—Fy?)* 
The two last are E, F, by (5) and (6). 


dx 


(1 ~22)* (1 — o%2)? (1 +cx) 


 £ rf 2 i Jy dy ; 
(=) id GC _ptay 
This is an E, F, by (10). Y y) 


In all the transformations (¢) we may make 2 negative, or 


fits (I —2) 
y={ 2 )- Jas 


These will give us an additional number of E, F. I shall not put 
them down, 

Next, let 

Three VJS(l4a)./14er) 1— VY (1—F?))? 
a 5 ee ~— . ’ e={; n V(i—R) . (d). 
. l+ec 27 
I~ye_ =H (I--2). ¥ (1c) 

§2(1 4) * 


Then /(l-y?)= 7 , 
lca 

1 = 7 » 1 4 — | | vn re 2,,2 
4/ (1 —k?y?) = (1 — h?)* ie thd 2, _V (—-#)—V(l-By’) 


» C@t=— 7 9..9\2 
4 1] —k? — ky? 
ve x v'( ) + of (1 — hy’) 
ly _ (i+)? dx 
Vy). J Ry?) 2 * WV (1 a). (i — 8?) * 
From these we derive 


dx 
4 1 1 ae ee 
(1 4a)* (1—ax)? (1 4ex)* (1—ex)’ (14 07a)? 
27204) vydy 
5 ° = )—ky?) oo" /). 
Gtyet VO V0=RF) 
This is an E, F, by (1) and (2). 
a dx 
a a i 
(i +2?)* (1 —e2%x?)* (1 40°) 
2 o/ {2 (1 +6) vy dy : 
(lt eh Ve) * po (18), 


1 J 
(:—y?)* (1—Ry?)? 
an I, F, by (10). 
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By this transformation we might obtain more formule. : 
—a? |] —e2x2 7) . 
Let y= foe ea ) k=- (e). ! 
1--c?a? l4e 
a -C) 2 —c I1+cx? | 
Then 1—y? ae gi aes eee i 
Vv ( y*) — cx N (1 #y*)= le *1—cx? ‘ 
; dy — an —CU +e) de _ 
Vy) VI Ry?) (1a) Vf (122) * 
Hence we find 
(I 40) dx —a/y dr 
ip jy) re hy?) * ~« (39), 
r _22)*()— 2a2)*( —cx?y? Very 4 Ft 
i it 4 dx A —dy 
‘ae a HA  Saieannemone edn 
(l— a?)* aa —c®x?)* : y)* Y 
VIIL.—ON A THEOREM IN THE GEOMETRY OF . 
POSITION.* i 
WE propose to apply the following (new?) theorem to the solution f 
of two problems in Analytical Geometry. ) 
Let the symbols f 
] al a, B, | 
a, ‘ ’ , L 
Jal, he 9 jes |, &e, 
a, /) Pe n | 
os. F 
denote the quantities | 
a, aB' —a'B, af'y"—af'y' +a" y—a' By’ +0 By —a'p'y, &e. | 
(The law of whose formation is tolerably well known, but may be | 
thus expressed, 
a 
| a | =a, a 
a, Pp 
a, fi, r 
w, By y | =a ins y S| +a’ i? ‘| +a’ vail | » &e. 
a F P>¥ 
a’, ‘ 
the signs + being used when the number of terms in the side of 
the square is odd, and + and — alternately when it is even.) 
ne = . i 
hy 
i 
* From a Correspondent. 
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Then the theorem in question is 

patoB+ry..., pa + of + ry ..., pa’ 4-08" +- ry’. 
patoP+r'y..., pe. + of +7'y'..5 pa "+o'p' +1'y’... 
pato'B4r'y..5 pla + il +1'y 2.5 od +o'B’+r'y’.. 


Py) Favs | | a, By yee | 
‘ ‘ ‘ ’ a / 
Ps Oy T aes a, Pp VY oe 

“ " 


“ lal 
a,PpPs, 7 


“ “ 
Py O T veo 


(This theorem admits of a generalisation which we shall not 
have occasion to make use of, and which therefore we may notice 
at another opportunity.) 


To find the relation that exists between the distances of five 
points in space. 


We have, in general, whatever 2, y,, 2,, w,, &c., denote. 
2 2 s 
| #2+y2+4+2,2+4u,?, —2r,, —2y, —2z,, —Qw, 1. 
TP+yP+2P4U,?, — ey —2yz ~ 2 —2wy 1 


| @ +I, +2, +0," — 22 —QW, —22,, —2wy 1 
1 > 0 > 0 > 0 b) 0 7 0 
multiplied into 
1, ty Yp 2% My a tyr +eP +0) 
1, yy Yo %y Wy #2 +92+2,2+ 0," 


‘Gh. Spl apres , -_ 
are Ee ae ; 
1, ty Yy 29 Wy t+ yP+ze +0. 
0, 0, 0, 0, O, ] 

2 2 2 -2 








ry 2 44,— nr —2,Tw,—w, 








1 x 
2 
Ty— 2+. 


oy: very B— “oe 19 By Hyp cary M— Ay} very 1 
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Putting the w’s equal to 0, each factor of the first side of the 
equation vanishes, and therefore in this case the second side of the 
equation becomes equal to zero. 
being the co-ordinates of the points 1, 2, &c. situated arbitrarily in 


—2 —2 


Hence vy Yy Zp X Yn Zo» &e. 


space, and 12, 13, &c. denoting the distances between these points, 
we have immediately the required relation 


| 0, 


—=2 


Zi; 
a 
31, 


——? 


41, 


5l, 


1, 





—2 


12, 


52, 
I, 


—2 
13, 


23, 


0, 
cneon? 
43, 
53, 

I, 


—2 


14, 


—2 
24, 


——) 


34, 


0, 


—D 


54, 


1, 


oul 


15, 
—?2 
25, 
——) 
25 

35, 


| 


Pa 
45, 


0, 
I, 


1 


] 
0 


= 0, 


| 


| 
| 


which is easily expanded, though from the mere number of terms 
the process is somewhat long. 


Precisely the same investigation is applicable to the case of four 


points in a plane, or three points in a straight line. 


mer gives 


0, 


9 


21, 





—2 
31, 


41, 
1, 





The latter gives 


Or expanding, 


—1 —4 


| onesie 
124+13+4+23 —2 12 


Ww 


12, 


——2 


12, 
0, 
—2 
32, 
1, 


2 mm? 


14, 
—2 
24, 


34, 


0, 
1, 


] 
0 


2 an? 
13 —2 13 23 — 2 12 23 = 0; 
which may be derived immediately, by the equation 


+12+13= + 23, 


and is the simplest form under which this equation, cleared of the 
ambiguous sign, can be put. 





Thus the for- 


= 0. 
eal 
—2—2 
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(The above result may be deduced so elegantly from the general 
theory of elimination, that notwithstanding its simplicity it is per- 
haps worth mentioning.) 


I 2—r% = a a ee eer 
4et C,—%, =a, L,—-X =p, L—x#,=yY3 


———2 — 


then I12e7*, 23 =a’, 31 =f’, and a+B+y=0; 


from which a, B, y, are to be eliminated. Multiplying the last 
equation by (by, ya, a/3, and reducing by the three first, 

O.a + 12.8 + 81. ao apy = 0, 
I2.a+ 0.8 + 23.y+4 apy =90, 


_—) 9 


38l.a 423.84 O.y+ afpy=0, 
a + B + y+ 0. apy = 0; 
from which, eliminating a, 3, y, ay by the general theory of simple 
equations, 


9 


0, 12 #213 #1+'4+0. 
21, 0, 2 1 
31, 32, 0 1 
1, 1, 1 60 


The (additional) equation that exists between the distances of five 
points on a sphere or four points in a circle, has such a remarkable 
analogy with the preceding, that they almost require to be noticed 
at the same time. 


If a, 3, y, 7 be the co-ordinates of the centre, and the radius of 
the sphere, and 
6 = at + p2 - y’ — 3, 


we have immediately 


2 2 on 2 — ; . o-_ 
arty? + 2, Qaz, 2hy, 2yz, + 0 = 0, 


as? + ys + a? faa 2ax, a 2By,, ic 2yz, + 6 = 0; 
whence eliminating a, {, y, 4, 


2 ‘ee a = ye 
a+ yy + 2 225 24» 22, 1 


z* h Pa +. 2,%, —_ 22s, _— 2Y.5 _ 22. l 
Multiplying by 


| 1, t Yo %y re + y+ 2. 
ls h h : 2 : 


1, 2, yy @ #2 + y.2+ 2,” 
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we have immediately 


| 4 1% 1% Th 13 |=0; 
| @, 0, 2, 2% 2% 

3 32 4800, 3 8B 

a 2 & &: @ 


forming the analogous equation for four points in a circle, and ex- 

panding, we readily deduce 

ee eee tee bey ee eer §a-$-—9-=9 as on em 
4.93412 34413.24-2 12 34 13 24—2.14 23 13, 

24—2 lh 93 12 340, 

which is the rational, and therefore analytically the most simple 

form of 


2 cht lt 23= 13 24 
Euclid, B. vi., last proposition. 


(It may be remarked that the two factors we have employed in 
the preceding eliminations, only differ by a numerical factor.) 


C.ay/ 


VIII.—ANALYTICAL DEMONS iedprealndepepien OF DR. 
MATTHEW STEWART’S THEOREMS, 


By R. Lestiz Extis, B.A., Fellow of Trinity College. 


Iv 1746, Dr. Matthew Stewart, the father of Dugald Stewart, 
published his “ General Theorems.” He was at that time a candi- 
date for the chair of mathematics at Edinburgh, then vacant by the 
death of Maclaurin; and his success is attributed to the celebrity 
which these remarkable propositions immediately acquired. They 
were enunciated by Dr. Stewart without demonstrations, and re- 
mained undemonstrated till 1805. Mr. Glenie, in the Edinburgh 
Transactions for that year, has given a geometrical method by 
which the General Theorems and other similar results may be 
established. 


But as yet they have not, I believe, been proved, except by 
Geometry ; and in an article in the 17th volume of the Edinburgh 
Review, ascribed to Playfair, they are strongly recommended to 
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the attention of analysts. It is hoped, therefore, that the following 
attempt will have some degree of interest. 


We shall begin by establishing a general proposition, from which 
all the theorems in question, and many others, may be deduced. 


Lemma. [f fp is a rational and integral function of sin ¢ and 
cos @, then a value may always be assigned to m, such that 


S(¢) +S (9 $ =) + uf (+ <= er) 


n 





shall be independent of 9. 
The preceding expression is equivalent to 


. 9 
(1 +D+... D"™”)fo, (where D¢ = 9 + 2) : 
and therefore to 


—— I$ — a-1 Sf(> + 2) — fox = A-'0. 


Now A7'0 = 2a,, sin mng + Xb, cos mng, (m integral). 


Hence f(¢) tt (s f 


Let the index of the highest power of sin 9 or cos ¢ in fo be p; 
then it is easily seen that when f@ is developed, as it may always 
be, in a series of sines and cosines of the multiple ares, p@ will be 
the largest arc that can enter into the development. But if m is 
greater than p, mn@ will be greater than po, except when m is zero. 
Hence the development 


n—l1 
2r) = Za,, sin mng + &e. 





n 


ya,, sin mng + &e, 
cannot coincide with that obtained by summing the separate de- 
Qa 
velopments of f9, s(9 + =) , &e., unless @a,, and b, are = 0 


in every case, except when m= 0. Hence as sin mng =0 when 
m = 0, the expression will be reduced to 6), and we shall have, 
when > p, 
n— 1 
SQ) + ef (+ + — en) = 6, ... a constant. 
Q. E. D. 

The constant 5,, will of course be the sum of the constant parts 

of the developments of f@, &c.; and as these are all equal and are n 


in number, it will be » times the constant term in fo. Now by 

aa — iw ; ‘ 

Fourier’s theorem this is equal to > ( So .dp, as indeed is 
aT Jo 


obvious. Hence 
: ‘ n—1 SS ig 
Jo + of (+ + — 2r) = — | fodp, when n> p, 
n Qr Je 


which is our fundamental formula. 











bo 
~I 
iS) 


Stewart's Theorems. 


The first of Stewart's propositions is the following : 

From any point in the circumference of a circle draw perpen- 
diculars p, p,, &c. to the sides of a regular n-sided polygon cireum- 
scribed about it; then, if 7 is the radius, 

SE te BI ic wen coh) iccsrecee WPS. 


Dem. Let the assumed point subtend at the centre an angle 
from the adjacent point of contact. Then 


f fey). > 
=r(l—cos@) p,=r 3 — cos |p + — ;? &e, &e. 
2 
“. Sp'=rd(1-—cos ¢); 
and by the general formula, 
al 


1—cos »)? = bs | (1—cos »)3 dg ..... nm being > 3. 
“0 


rs 


Now (1—cos ¢)? dp=24 sin® 0 dd, ,.(0=49) 


v0 
n° 0d0 5.3.1 
anc sin” 6daé = wm — 47S 
: a 6.4.2 — 
bn 
“. B(1—cos 9)? = —, 
and therefore 23 p* = 5nr®. Q. E. D. 


This is a particular case of the second proposition in which the 
assumed point is not confined to the circumference of the circle, 
but may have any position whatever. Let 7 be its distance from 
the centre; then 

S3.p? == tart + Sale... W > F 2... seve (2) 


Dem. In this case p= r —/ cos ¢, &e, = &e. 


.. Sp'=nr3— 3r7l S cos o + 2rl? ¥ cos? ¢>—F ¥ cos? ¢. 


am Qn om 
But | cos ¢ dp=—0, , cos? ¢ do=rn, - cos? 4 dp=0; 
0 70 0 
. 7 n 4 
“. Zcosg=0, Zcos?o¢=-, cos? d=—0, 
and = 23 p3 == 2nr3 + ‘in Qh Ds 


In the third proposition, a regular n-sided polygon is inscribed in 
the circle, and lines ¢, e,, &e. are drawn from its corners to a point 
assumed in the circumference; then 

Re? xz Goo"... £9). 

Dem. The assumed point and adjacent corner subtending an 

angle ¢ at the centre, we have 
ce? = 277 (1 — cos 9); 


NNN 
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sci = 4r4 > (1 — COS )*, 
id m ; Boe 3 
[ (1 — cos ¢)?dg = 2°. se" Q' 
3n 
“. Z(1 — cos ¢)?= —; 
2 
Sct = 6nr‘, Q. E, D. 


The fourth proposition includes the third. The assumed point 
may now have any position we please. Let J be its distance from 
the centre. Here we have 


e’—r? +l — 2arl cos ¢, 
and Let=n(rt 4 U4 4 gr2l?)-— 471 (7? +P) cos go +4 47°70? & cos? ¢. 
By the values above given for = cos @ and = cos* ¢, this becomes 
ret=nrt +4nrP+nlt......(4), 
which is the proposition in question. 


In the fifth proposition we return to the circumscribed polygon, 
and our object is to determine the sum of the fourth powers of the 
perpendiculars, As before, 


apt = r* Z(1 — cos 9), 


J , 7.8,8:1 35 
and 1 — cos ¢)*dg = 2° —————_ = = Ox. —.. 

\, rr tees 

therefore & Sp‘ = 35n.r* ........(5)- Q. E. D. 


In the general case, when J is the distance of the assumed point 
from the centre, 
Lpt=nr'—4r%l Ecos ¢ + 6r°l? S cos? ~— 4713 3 cos’ ¢ +14 & cos* ¢, 
m 3.1 _ 38n 


d 3 4o=— ~ 
and 2 cos* @ sae 3° 


3 
Spt = nr + 6rh, - + r nl', 


or 8 Spt = Burt + 24nr2? 4 3nl ...... (6). 
This is the sixth proposition. 
The seventh is, for the m' power of the perpendiculars, what 
the first and fifth are for the 34 and 4‘ powers respectively. It 
is this: 


Q2nm—1.2m—S...1 


— 7 oo oaee _) (n> m). 


Zp"=n 





m.m—1... 


} 
ry) (27 
Deo. =p" = r™ | (1 — cos o)”™ do. 
T Jo 








Let 6= 44; 
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ee \, (1—cos 9)" dp=2"+! | sin?” 6 dé 
0 


= g@r 


Q2n— 1.2m— 3... 1 


0 


= — ; Tv — 
2m.2m—2...2 


2m — 1... 1 


a eens | 








92m — 1.2m— 8... 1 


m.m—1...1 


o sp*=n ”, 
Q. E. D. | 
If the assumed point is at / distance from the centre, 


m.m— | 
a 


m i z 
a p"=nr™— — .r™-11 Scos ot rm—2 22 ¥ cos? g¢—&e. 


This, it is easily seen, will reduce into the following form 
m...M—3 el 


1.2.3.4 4.2 


mm—1 | 
2 p™=nr™ +n —— - 


m—2 J2 
. 5° 24m 


gn—4 Tale &e. 
. oper: 
which is the eighth proposition....(” >). 

Lastly, let us consider the 2m” powers of the chords in the case 
of the inscribed polygon: we have already in the third proposition 
found the value of their sum when m = 2. 

As before, c? = 2r? (1 — cos ¢); 
Ae Scere —_ gmpem > ¢| 


That is, as we have already 


cos 9)". | 
seen, " 


oe aces COR 


We have thus gone through Dr. Stewart’s properties of the 
circle, and have arrived at his results by a simple and uniform 
method. 


IWm—1.2m—3... i 
n —EE 


Sem —_ yam a 


m.m—l... 1 


It is evident that there is no limit to the number of geometrical 
theorems which may be deduced from the general formula: almost 
every curve will afford interpretations, if the word may be so used, 
of our analytical conclusions. 

Thus in the ellipse: If any m radii vectores be drawn from the 
centre at equal angles to one another, the sum of the squares of 
their reciprocals is equal to ” times the square of the reciprocal of 
that radius vector which is equally inclined to the major and minor 
For we have 


axes. 


= = ks (1 — e cos® 9); 
ce Oe wk. 1,2 | 
ao 2 = e=an — 3e), } 
i] 
and 4 = cos? i 
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] n AL 
~ T= =5(1—-e cos? -}, 
7 be 4: 


therefore &e. Q. E. D. 


It is to be regretted that we have hardly any idea by what 
considerations Dr. Stewart was led to the curious theorems which 
bear his name. It is said, indeed, that he was engaged on geome- 
trical porisms when he discovered them, and we are told that he 
would have published them under the title of porisms, but for bis 
unwillingness to interfere with a subject which the researches of 
his friend, Dr. Simson, seemed to have appropriated. Whether 
they are in reality porismatic, is a question on which it would not 
be worth while to enter. ; 

The fundamental formula of our analysis is perhaps not new; the 
geometrical applications which we have made of it appear to be 
original. 


IX.._ON A METHOD OF ALGEBRAIC ELIMINATION.* 


Ir is the object of this paper to explain a method of elimination 
common to algebraic equations, and also to differential equations of 
all orders and degrees. When applied to the former class, it will 
always, I believe, lead to calculations which do not differ much 
from those required by the method in common use; but in principle 
it appears to me much more simple and satisfactory than that method. 
Let it be required to eliminate x from the equations 
24+ pr +g =0, 
‘ U ‘ 
a? oo pe } g = Q. 
Multiply each of the proposed equations by 2, and you obtain 
2 + px* + qx = 0, 
2 px + gx = 0. 

These two combined with the two given equations make a sys- 
tem of four equations containing three quantities to be eliminated, 
viz. x, 2°, x°; and they are of the first degree with respect to each 
of these quantities. We may therefore eliminate 2, 2*, and 2°, by 
the rules for equations of the first degree, The result is 

\9 
q— gq) 
Ox 82 oe 
P—P 


The same result may be obtained rather more simply thus. 


PY — PY + 


* From a Correspondent 
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Subtract the second equation from the first, and you obtain 
(p—p)t+q-q' =0. 
Multiply this equation by 2, and the first by p — p’, then subtract, 
and the resulting equation is 
sp(p—P)—(g-V)iet+a(p-P) =. 
Eliminate a between this and the other equation of the first degree ; 
and you obtain 


(q—7) ip (p—p)—(9—-7 3 —9 (p—P'P=% 


or (p—p') ip (g—7)—9 (P—P'k —(9—-T P= 0- 
: 5 ’ ae (q -q7) — 
or, as before, PI-Pd - ae = s=0) 


It is evident that the methods applied to this example may be 
employed in treating equations of any degree, and the following 
rules express both the principle and the method of eliminating one 
unknown quantity between two algebraic equations which exceed 
the first degree, 

First, suppose the two equations to be of the same degree; and 
let x denote the quantity to be eliminated, and ” the degree of the 
equations. 

Rue. “ Multiply each equation by 2, 2 times successively. You 
thus obtain 2m new equations Combine these with whichever you 
please of the proposed equations, and you have 2n + 1 equations, 
containing 2n quantities to be eliminated, viz. a, 2°, w°...2°”", and 
being of the first degree with regard to these quantities. From 
this system of equations eliminate all the 2” quantities by the rules 
for equations of the first degree.” 

In practice, the following rule, which is founded on the same prin- 
ciple as the preceding, may frequently be found more convenient. 
“ First eliminate 2” between the two proposed equations. Then 
multiply the equation thus obtained by x, and eliminate x” between 
the resulting equation and either (Say the first) of the proposed. 
You will now have two equations of the (n—1)" degree. Treat these 
as you did the two proposed equations, and you will obtain two of 
the (n —2)'* degree. Continue this process till you obtain an equa- 
tion not at all affected with x.” 

If the two proposed equations are not of the same degree, let m 
denote the degree of the first and ~ that of the second, m being < m, 

Rute. “ Multiply the second equation by 2, m—n times succes- 
sively ; and eliminate a”, a”~', x”*,,.a"+! between the equations 
thus formed and the first. You will then have two equations, both 
of the x” degree, which treat by either of the former rules.” 

It seems unnecessary to give additional examples in illustration 
of these rules, as every reader can easily supply such as are likely 
to be most satisfactory to himself, I will therefore proceed at once 


to shew, that the same principle by which algebraic equations of 
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the higher degrees are reduced to equations of the first degree, 
enables us to reduce differential equations of all orders and degrees, 
and any number of independent variables, to algebraic equations. 


Ex. 1. Let it be required to eliminate y from the equations 


dx 

at + 4x + 3y =4, 

22 + dy a: 2) =F. 
dt 


(See Vol. 1. p. 175, of this Jonrnal.) 


Differentiate the first equation with regard to ¢, and you obtain 
the following: 


dx dx dy 
dé + at + dt 


oe dy : ‘ 
Eliminate : between this and the second, and the result is 
at 


dx dx 

dt? dt 
Eliminate y between this last result and the first equation, and you 
obtain a final equation altogether free from y, viz. 


d2x 9 dx eT ont Bp 
sa 


— 6x — l5y = 1 — 8e. 


Ex. 2. Let it be required to eliminate a from the equations 
dx 
a + pr+q=— 0, 
dx - ; 
a err ee = 0, 
(p, q p’, and q’ being functions of ¢, but not containing 2). 
By subtraction, 


(p—p)x+(q—7)=0. 
Differentiate this equation with regard to ¢, and you obtain 


», ax d P d i 
(p—P) a +73; (p—pP)+a¢9—¢)=0. 
Eliminate 7 between this and the first equation, and the result is 


‘ l U , ‘ d ‘ 
| P(p—p')— - (p—P')| t+q(p—P)— 5 (9—-Y)=0. 


, , ; da 
Eliminate 2 between the two equations which are free from he? 
tf 
and you obtain a final equation altogether free from 2, viz. 
d 


? d ’ 7} t / if y / / +. 
{r-2')- = PoP ) (I-49 )—(p—p 1 -P) ae (q 4g ies 
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or 

U ‘ , ‘ d ‘ ‘ d / 
(p—p) (pq—Pd)— (9-1) G (P—P) + @—P) Gg, 9-7) = O. 


The following rules express the general method of eliminating a 
function from two equations which contain itself and its differential 
coefficients with regard to one independent variable. 

First, suppose the two equations to be of the same order, and let 
m denote their order, y the function to be eliminated, ¢ the inde- 
pendent variable. 

Rure, “Differentiate both equations m times with respect to ¢. 
You thus obtain 2m new equations; between which and either (say 
the first) of the proposed you may eliminate the quantities 
dy dy dy 
dt’ de’*"" dem’ 
by the rules for algebraic equations.” 

(This rule is not new, see Lacroix, Traité Elem. de Cale. Dif., 
Art. 134, 3rd edit.) 

But it may often be more convenient to proceed by successive 
eliminations in the following manner : 


y 


= — diy : 
‘¢ First, eliminate i between the two proposed equations ; then 


differentiate the equation thus obtained, and between the equation 
which results from this differentiation and either (say the first) of 
my 

the proposed, again eliminate “e You will now have two equa- 
tions of the (m—1)'* order. Treat these as you did the two pro- 
posed, and you obtain two of the (m— 2)‘ order; and by repeating 
this process as often as necessary, yon at last obtain an equation 
altogether free from y. 

If the two proposed equations are not of the same order, let 
m denote the order of the first, and x that of the second, » being 
< mM, 

Rute. “ Differentiate the second equation (m — ) times; and 
between the equations thus formed and the first of the proposed, 
eliminate 

d"y d™—ly qin 2y d*tiy 
dt™’ dem-\? dem-2? °°"? qgnti? 


you will then have two equations of the x" order, which may be 
treated by the former rule.” 

When the proposed equations contain, besides the function to be 
eliminated, its differential coefficients with regard to more than one 
independent variable, the number of auxiliary equations to be 
formed is much more numerous: but by repeating the process 
of differentiation sufficiently often, we always obtain at last more 
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equations than quantities to be eliminated, If the two proposed 
equations are of the first order, and there are two independent va- 
riables, there will be in the —— equations three quantities to 
du 

» and » (the function being denoted 
dx cs 
by uw, and the independent variables by x and y). If each of the 
equations be differentiated with respect to # and with respect to y, 
there will be in all six equations, containing six quantities, to be 

du du du du —s du 


be eliminated, viz. w, 


eliminated, viz. w, . But if we pro- 


dx’ dy’ dx*’ dady’ dy? 
ceed to the third order, by differentiating each of the new equa- 
tions with regard both to x and y, we shall have in all fourteen 
equations, containing only ten quantities to be eliminated, viz. 

du du du du du du Pu du By 
3 . 


dx’ dy’ dx*’ dx dy’ dy?’ dx®’ dx* dy’ dx dy*’ dy 


Us, 


The particular form of the proposed will, however, frequently 
render a much smaller number of auxiliary equations sufficient, as 
in the following example. 


Let it be required to eliminate « from the equations 


du dz dz 

eee eee : bz = 0, 
‘a ta**e sie 
du a 
+ a eked — = 0. 
dx “ea bu +e 


(See Vol. 1., p, 180, of fe Journal ) 

Differentiate the first of these with respect to 2 and y, and the 
second with respect to 2 only, and you obtain the following 
equations : 


ott dz dz ,@ at 
° dx? da? sites dx dy re ie” —C 
‘ d2y 1 Qe 4 d?z 4 dz — 
dx dy da dy dy? . — 
ay au du P dz 
—= —— es , -— 0. 
dx? " dx dy e* dx di da? ° 


The three new equations and the first of the proposed contain 
du d*u d*u 
dx’ dx*’ dx dy 
may therefore be eliminated by the methods employed for alge- 
braic equations. As the equations are of the first degree, the 
process is — simple; the result is 


d2z d®z 9 
4a? Fate E+ gab + We 0. 


only three quantities to be eliminated, viz. ; these 


(1 — ec’) = 


° de dy 
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In the preceding propositions the problem of elimination seems 
to me to be placed in a simple and luminous point of view. The 
different cases treated are referred to one common principle, which 
seems obvious as soon as it is enunciated, and which will probably 
be found applicable to other classes of equations. 

I shall be very glad if this contribution is seen in as favourable a 
light by the readers of this Journal, and is found practically useful. 

A. Q.G. C. 

Feb, 8th, 1841. 

April 2nd, 1841. 

P.S.—The preceding system of elimination was suggested to me 
by reading an article on Simultaneous Differential Equations, in the 
fourth number of this Journal. I observed that the method of 
separating the symbols of operation from those of quantity, employed 
in that article, is, so far as elimination is concerned, the same in fact 
as the method given by La Croix. (The method of the separation 
of the symbols being however applicable to none but equations of 
the first degree; but having the advantage, where it is applicable, 
of indicating at once what differentiations are necessary.) This 
reflection led me to observe the principle on which elimination be- 
tween two differential equations depends, viz. that whereas the pro- 
posed equations contain several functions of the quantity to be elimi- 
nated, this difficulty is evaded by forming new equations. 

The process by which these equations are formed introduces new 
functions; nevertheless it answers the purpose for which it is em- 
ployed, because it increases the number of equations still more than 
that of functions. 

This method seemed natural, and properly applicable to the 
problem; whereas the method employed in treating algebraic 
equations of the higher degrees had always appeared to me very 
unsatisfactory, and obscure in principle. The question was thus 
raised, whether a method similar to that used in treating diffe- 
rential equations might not be discovered for algebraic. This 
question being once asked, the answer to it was soon found; 
especially as the paper which had suggested these reflections 
pointed out an analogy between the processes of Differentiation 
and Multiplication. 

At the time when this occurred to me, and when I sent my 
article to you, I was entirely ignorant that any other mathema- 
tician had been occupied with the subject, and was not aware that 
there was any known method of elimination between algebraic 
equations, except that which makes the problem depend on the 
method of finding the greatest common measure. From Pro- 
fessor Sylvester’s interesting paper in your last number, and from 
his paper in the Philosophical Magazine to which you referred me, 
I find that that gentleman has not only anticipated me in the fun- 
damental idea, but has likewise devised some very ingenious rules 
for the more expeditious, and even merely mechanical, application 
of it. Should you, however, think my article worth inserting, 
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I shall feel obliged by your allowing this postscript to accompany 
it, which I will conclude with a remark suggested by Mr. Sylvester's 
last paper. 
If we have to eliminate x between the two equations 
a” 4+ po" + g2z*®... .. 4+e=0, 
ef + pa*-' 4+ da*... .. + ui = 0, 
we may first eliminate x” by subtraction, and then write the equa- 
tions in the form 
x (a"—" 4 par? 4 gu" 4 &,.) + u = 0, 
a (a) + pla? 4 gx" + &e.) + uw = 0, 
and eliminate the unbracketed 2 between these. We thus obtain 
two equations of the (m — 1) degree; and in obtaining them we 
treat the two proposed equations in the same manner, which seems 
preferable to the other methods, 


X.—NOTE ON THE DEFINITE INTEGRAL 
wT 


[; 


wv 
THE value of ? log sin 0 d0, obviously the same as that of 
0 


log (sin 6) dé. 


Sow 


T 
[3 log cos 0 d0, was first assigned by Euler, and may be obtained 
0 

in the following manner. 


By Cotes’s theorem, 


l m—l 
zm | —(z?—1) (222 COs @ $+ 1)...(2°—22 cos “— 1 + 1) 


Let z = 1, then 


F eee: ae m—l*r 
m == St") gin? — — ,.,... sin® ‘ 
m 2 m 2 


Take the logarithms of both sides, and divide by m, then 
log m+42 (m—1) log 4 
Ym 
] 
ae 


n—Ie 


== {log ome = + .. + log sin sieht =) 
m 2 m 


2 


we 1 . 
Let m become infinite, and = dx: the first side becomes equal 
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0’ 


1 tg 
| log sin x — dx = log 4. 
0 Zz 


Tv 
Let 6=2 53 
Tv i wT 
., ik log sin 6 d@ =. log } ........ (1). 
0 
Cor. 1. Integrating by parts, we get 
: ; 6dé0 
| log sin 0 ao = 6 log sin 0 — | ng" 


The integrated part vanishes at both limits, 


7 Od0 _ 
; . 
{a tan 6 7g 1OB 2 vvvsseeeoss (2). 
Cor. 2. Let sin 0=e~?*; therefore the limits of a are 0 and o, 
e. dx 
=o - a 
and dé 3 V(—e*) x 2 7(et—1)' 
- ede 
mn es — = 2w log 2.... (3). 
| / (e*—1) 7 (3) 


. ite at 1.3 1 
(e7—1)°9 = 3+ z° 4475 
and as | eetede = aia we find 

0 m 
1 1 1s 1 JI 1.3.5 
; 


vy 1 
greets 599 





XI_—MATHEMATICAL NOTES. 


metrical homogeneous functions of two variables. 











1 log i 
to log 5» for (“2”) = 0 when m= A and the second is 


transformed into the definite integral i, log sin xs . dx; therefore 


Cor. 3. In this last integral, if we expand the denominator 


ioe ares 


THE properties of Laplace’s functions, of which demonstrations 
are given at p. 192 of this volume, may be extended to all sym- 
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Let uw be a homogeneous function of » dimensions in x and y 
Then, if it be symmetrical, we have 


2/0 =rV() 


But by a known theorem 
du du 
i +y dy = nu; 
and when y = 2, we have, in consequence of the symmetry, 


du 
ou — — nu =0.........(1). 


Again, if we suppose uw to be expanded in series by powers of 
each of the variables 
os 3.Q,2°*. 9 = 3.0,9"" . a, 
from the symmetry. Substituting in the preceding equation, this 
gives 


3.(2i —n) Q; = 0...... (2). a. 
2. To show that 


(3) (<""a") = a. (sy (<**2"), 


Expanding the differential on the left-hand side by the theorem of 
Leibnitz, we have 
=. AL yn 
(<) (e**2*) = aaa. (a4 ra ig 4. x = “td? 4 &e.) (Ss ) 
dz 
where d refers to e** and d’ to 2”. inl 


(5) (<0ty) 


=(ae 4+ra"~ Iya" ve =) 


a™~*n(n—1)a"-? + &e en 


n= n(n — 
— (xr $-na"'rar-) 4 — — 1) at-*r(p—1)2°™ + Be) 


a-T 
(“x”) 
dx ’ 


5 


n{n—1l eee 
= * = (at tna id + d' + am wr-2u4 8c.) 


a jh 


grr d — 
ae = (zz) (e**"), 


by Pa theorem of Leibnitz. This theoremis true when one or both 
of the quantities n and r are fractional, so that we thus arrive at 
the curious result, that a differential to a fractional index may be 
expressed by means of a differential to an integer index of a func- 
tion of the same form. 

Y: 
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